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Abstract 

Using the brick wall method we compute the statistical entropy 
of a scalar field in a nontrivial background , in two different cases. 
These background are generated by four and five dimensional black 
holes with four and three £7(1) charges respectively. The Bekenstein 
entropy formula is generally obeyed, but corrections are discussed in 
the latter case. 



PACS number(s): 04.70.-s;04.70.Dy;04.50.+h;04.62.+v. 



In a seminal paper|L| Bekenstein proposed, several years ago, that the 
entropy in black holes is proportional to the surface area of the event horizon. 
Such an idea, motivated by properties of the black hole area, which are very 
similar to the laws of thermodynamics, generated a whole field of research. 
It has been proved that the proportionality between entropy and area in 
black holes has far reaching consequences as the generalized second law(GSL) 
of thermodynamics ||. Moreover, in the context of quantum field theory 
Hawking found H that black holes generate also a thermal radiation, and the 
related entropy is also given, in such a derivation, in terms of the area of the 
event horizon, that is S — A/ AG, where G is the Newton's constant. 



Furthemore, recently, 't Hooft|| and Susskind^] proposed the powerful 
holographic principle, which generalizes the previous set up to general situa- 
tions including quantum gravity, foreseeing that entropy is always bounded 
by the surface area, that is S < A/ AG. Such a principle is a truly new way 
of thinking quantum gravity, and sets up a road to quantization. It has also 
been considered in other physical situations, such as cosmological models|f|. 
We should also mention that this idea has received an strong support from 
the conjeture known as the AdS/CFT correspondence |7]]. 

Althought our knowledge about the black hole entropy, from the thermo- 
dynamical point of view, is established, we do not have a complete answer 
to this question in the statistical mechanics framework. A very well known 
approach to this question was introduced by 't Hooft||. He showed how 
the entropy can be obtained from a thermal bath of fields propagating just 
outside the horizon. This is the socalled brick wall method. 

The purpose of this paper is to calculate the entropy of a scalar field 
propagating in backgrounds obtained in the string theory context 0. 

We should also stress that although the degrees of freedom for black holes 



in the string theory are explicitly known |10[ we wish to check the validity 
of the 't Hooft approach for these new metrics. 

Initialy we consider the D = 4 black hole with four U(l) charges. This can 
be obtained upon toroidal compactification from two different intersecting 
M-branes configurations |TT|| . 

ds 2 = -\- l ' 2 hdt 2 + \ l / 2 [h~ l dr 2 + r 2 (d6 2 + sin 2 6dcp% (1) 

where the /i(r)-function describes the event horizon, similarly to the Schwarzs- 
child black hole, that is, 

h(r) = l- r f, (2) 

while the new A(r)-function is characterized by the four U(l) charges, being 
given by the expression 
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In this background, we consider a minimally coupled scalar field which sat- 
isfies the Klein-Gordon equation| 



1 --d^yf^gg^dv®) - m 2 $ = 0. (4) 
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The 't Hooft method consists in introducing a brick wall cut-off near the 
event horizon such that the boundary condition 

$ = for r <r + e (5) 

is satisfied. In order to eliminate infrared divergences another cut-off is in- 
troduced at a large distance from the horizon, L 3> r , where we have, 

$ = for r>L. (6) 

In the spherically symmetric space, the scalar field can be decomposed as 

$(t,r,9,<p)=e- iEt R(r)Y(9,<p). (7) 

Substituting this expresion back into (f|) we obtain, after some manipulations, 
the radial equation 

\ 1/2 h~ 1 E 2 R(r) + -^d r [r 2 hd r R(r)} - ^J^W) - m 2 R(r) = 0. (8) 

Using the WKB approximation, we consider R(r) = p{r)e lS ^'\ the function 
p{r) is a slowly varying amplitude and S(r) is a rapidly varying phase. To 
leading order, only the contribution from the first derivatives of S are im- 
portant. Then, from eq(|8]) we get the radial wave number K = d r S: 



K = A V2 i _ i£ 
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In such then the number of radial modes n r is given by 

nn r = [ L drK(r,l,E), (10) 

Jr +e 



In order to find the entropy of this system, we calculate the free energy of a 
thermal bath of scalar particles with an inverse temperature j3, that is 



-pF 



-/3E Nt 



where En t is the total energy corresponding to the quantum state r. The 
sum also includes the degeneracies of the quantum states, therefore we have 

' (12) 



-/3F 



n 



(n r ,l,mi) 

where (n r , I, mi) are the set of quantum numbers associated to this problem. 
The product fl take into account the contribution from all the modes. The 
factor (1 — e~" E )~ l is due to the fact that we are dealing with bosons where 
the ocupation number can take on the value of all positive integers as well 
as zero, so that 

1 
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1 - exp(-(3E) 
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From the previous equation we can write the free energy as 
F = i E Ml-e"^) 



n r ,l,mi 

I/ di (2, 



1) J dn r log(l- e~ pE ). 
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Integrating by parts and using (110) we get 



dl{2l 



dE 
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The I integration can be perfomed explicitly and it is taken only over those 
values for which the square root exits, 

1 
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therefore, we get for the free energy the result 



F = — 



dE 



3tt J exp((3E) - 1 



drr 2 \ 3 / 2 ( 1 - 
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A 1 / 2 
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We can see that the integrand diverges at the event horizon. Using the brick 
wall method we shall give a meaning to such a divergence as a renormaliza- 
tion of the Newton's constant. We first introduce the variable, y = t/tq. 



Substituting it back into ( 17D we find, after some trivial substitutions, 



p= -M / dE J-r ( L dyy 2 X^ 2 (y) (l-- 

3n J exp(pE) — 1 Ji+e \ y 



-2 r 



E 



1-1 



m 



3/2 



(18) 



where e = — , L = — . 

The contribution of large values for y to the previous integral is 



2L 3 r°° , (E 2 
dE> 



9tt 



m 



2\3/2 



(19) 



exp(fiE) - 1 ' 

We can recognize that this is the usual term arising from the vacuum sur 
rounding the system at large distances. 

Near the horizon, that is for y near 1, we find the expression 



2r3A 3 / 2 (l) /■<*> 



3tt 



dE 



E 3 



exp((3E) - 1 Ji+ 
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We next use the well known formula 



dE- 



E 3 



IT 



eP E -l 15/? 4 ' 
and integrate over y. The expression for F e reduces to 



(20) 
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(22) 



allowing us to directly compute the entropy from 

_ 2 dF e 87r 3 A 3 / 2 (r K m . 

We need only to obtain the inverse of temperature, that is (3. The Hawking 
temperature of the black hole is defined as 

T * = & = ^ ( 24 ) 

where k s is the surface gravity, given in terms of the metric by the expression 

^(drV=m)] • (25) 



K s — 

For the metric (Q) the surface gravity is thus 

1 



(26) 



s 2r AV2(ro)" 

Therefore, the Hawking temperature is obtained, from which we subsequently 
find the entropy, that is, 

(3 H = 47ir X 1 / 2 (r ), (27) 

and 

S=^. (28) 
360e v ' 

This expression can be transformed making use of the invariant distance 

ds = / dr y } = v /4er A 1 /2( ro ) ; (29) 

in terms of which we can rewrite the entropy over area relation as a function 
of invariants only, 

= 360~e = 14407rer A 1 /2( ro ) = 360tt(/ ds) 2 ' ^ 
where A = 47T7'qA 1/ ' 2 (7'o) is the horizon area. 
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Therefore the entropy of the scalar field is proportional to the area and 
diverges linearly with the cutoff e (or quadratically with the invariant dis- 
tance). The nature of this divergence can be understood in terms of the 
infinite gravitational redshift between the horizon and infinity. Any field 
mode with finite frequency at the horizon must have vanishing frequency at 
infinity. Therefore, the number of states with arbitrarily small energy is in- 
finity. The regulator e is an ultraviolet regulator, which has the function of 
cutting off the sum over states. 

In reference [13| it was showed that the question of finiteness of the en- 
tropy can be solved by the renormalization of Newton's gravitational con- 
stant. We thus can obtain the Bekenstein-Hawking entropy formula, 

11 A 

S bare + S t = (— + 3607r(/ dg)2 )A = — . (31) 

We would like to know whether these results could be obtained in other 
situations. That is the reason why we also consider the case of a minimally 
coupled scalar field in the background of a D = 5 black hole with three 
U(l) charges. This black hole can be obtained from a configuration with 
the intersection of D-5 branes and D-l branes|l4]]. Obviously the calculation 
for the black hole in five dimensions has many features in common with the 
D = 4 black hole considered above. In this case the metric reads 



dsl = -f-^hdt 2 + f^ih^dr 2 + r 2 dQl\ (32) 

where 

h(r) = l- r f 2 (33) 
and the U(l) charges are represented in the function f(r) as 

f(r) = (1 + r ° Wa )(l + r ° W7 )(l + r ° Wa ). (34) 

Once more we use the Ansatz Q(t,r,6,ip,Q = e~ lEt R(r)Y(9, ip, Q in order 
to solve the 5 dimensional generalization of (^), a procedure which leads to 
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the radial equation 



f^h- 1 E 2 R{r) + -L-d r [r 3 hd r R(r)] - l Jj±^.R(r) - m 2 R(r) = 0, (35) 
with the corresponding radial wave number 



K = /V* i _ r Jl 



\ 



£ 2 - 1 - ^ 



r 2 \ //(Z + 2) , 1 



j r 2 + / 2 /3 m 



(36) 



Therefore, following the same vein as described in ( |i0|) through (|T^) we find 
for the free energy the integral 



F = ^Jdl{l + l) 2 Jdn r log(l-e 



■PE\ 



- f dl{l + l) 2 / dE 1 f L drf 

TV J J eXp(pF) — 1 Jr +e 
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As before, we can perform the I integration explicitly, obtaining three terms, 
that is, 



J dl{l + l) 2 JE 2 



hl(l + 2) _ hm 2 

J^2 ~ y2/3 
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(38) 



First let us calculate the contribution to the free energy, near the horizon, 
from the first term of the previous equation, that is, 



F ( 5 ) = r of ( r o) 



dE 



E 4 



32 Jo exp((3E) - 1 J(i+e) 



r L2 

— 7 / dy(y - 1) 

- 1 J l+e) 2 



-5/2 



(39) 



where y = r 2 /r^. 
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Now we use the formula 

E 4 24C(5) 



/o exp(pE) - 1 
Then, performing the integration, we get 



dE _ /a ^ - = (40) 



F ( 5) _ C(5) P(r )r^ 

2 5 / 2 e 3 / 2 P 5 1 ' 



^^m^c^L. (42) 



The entropy corresponding to this term can be finally obtained 

11/2 

i- 

80 2 5 /2 e 3/2 pi 

For the black hole with the metric (|32"D the Hawking temperature is || 

P H = 2nr f 1 / 2 (r ). (43) 
Introducing this result into the entropy equation, we arrive at the expression 

„ 3 / 2 



o(5) _ 5(^(5) r 

25/2 16yr 4 e 3/2- 



(44) 



Using again the invariant distance, defined as 

r rro+t f 1 / 6 (r) l ; 

ds= dr y = v /8/V3( ro ) roej (45) 

the final expression for the entropy is 

£(5) = - = - (46) 

CAr8 3 / 2 e 3 / 2 ^ /2 / 1/2 (r ) C N {J dsf 

where A = 27r 2 rQ/ /1 / 2 (ro) and Cn = ^gy- Therefore the final entropy, corre- 
sponding to the first term of the free energy, is given by 

S bare + = (j^+ (r 1 7T ^ )A = (47) 
AG N {C N jds) d AG R 



9 



Let us now calculate the contribution to the free energy, near the horizon, 
from the last two terms of the I integration, that is, 

Using fl2lf) and making the integration, we get 

p(5) _ vr 3 r 4 / 3 / 2 (r ) 

Then, the entropy related to these two terms is 

5 ( 5 ) _ r _ rlfV* _ A 2/3 
2+3 960e 960ero/V3 D N {J ds) 2 1 ' 

where D N = (2vr 2 ) 2 / 3 120. 

To summarize, we have computed the expression for the entropy of scalar 
fields propagating outside of black holes in four and five dimensions. We 
have found that the leading divergent term of the entropy is proportional to 
the area of the horizon, in each case. In the 5-dimensional case however a 
subleading divergences arises, proportional to the |th power of the "area", 
which in the 4 + 1 dimensional case has one(lenght) dimension less than the 
area itself. Being a subleading divergence with one power less in (/ ds) -1 , it 
should not spoil the area law in case we could hide such a term in a coupling 
redefinition. This is however not the case here. Therefore we are either 
finding a counter example to the area law in 5 dimensional gravity, or the 
brick wall method fails to give the exact answer. Some results in the same 



direction were obtained in |]l5f , where subleading corrections to the entropy 



have also been computed. See also|T6[, |T7|| , . 
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